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1 Introduction

The L¶evy processes are considered to be one of the most important stochas-

tic models for the mathematical ¯nance theory. For example the [Geometric

L¶evy Process & MEMM] pricing model is introduced as one of the pricing

models for the incomplete market (see [9]). To apply these models to the

empirical analysis, we have to estimate the L¶evy processes from the given

sequential data. So in this paper we investigate the estimation problems

for the L¶evy processes, for examples, compound Poisson process, stable pro-

cesses and variance gamma processes, etc.

Two kinds of methods are available for the estimations: one is the max-

imum likelihood method, and the other is the generalized method of mo-

ments. We employ the generalized method of moments (or it should be

called the method of characteristic functions). The reason is as follows. The

L¶evy processes and the corresponding in¯nitely divisible distributions are

characterized by their generating triplets, and the generating triplets are

explicitly contained in the characteristic functions. So it is natural for us

to apply the generalized method of moments by the use of characteristic

functions.

In Section 2 we explain the methods used in the following sections, and

reduce the estimation problems for L¶evy processes to these methods.

In the following sections we explain how to apply our methods to several

examples.
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2 Method of Moments

We ¯rst survey the method of moments.

2.1 Classical Method of Moments

If a distribution has moments of any degrees, then we can apply the classical

method of moments. We ¯rst summarize that method. - 1) Moments:

Let Z be a random variable de¯ned on some proper probability space.

Then the k-th moment of Z (in the sense of distribution) is

mk = E[Zk]; k = 0;1;2; : : : (2.1)

2) Sample moments:

Suppose that the time series data

fzj ; j = 0;1; : : : ; ng; z0 = 0: (2.2)

are given. Then the sample moments are

m̂k =
1

n

nX

j=1

(»j)
k; »j = zj ¡ zj¡1; j = 1; 2; : : : n; k = 1; 2; : : : : (2.3)

3) Classical Moment Equation:

The (classical) method ofmoments is such a method that the distribution

is determined to to be one which satis̄ es the following classical moment

equation

mk = m̂k; k = 1;2; : : : ; N (2.4)

where N is a number depending on the number of parameters.

4) Characteristic function:

The characteristic function Á(u) of Z is

Á(u) = ÁZ(u) = E[eiuZ] = exp(Ã(u)); i =
p¡1: (2.5)

We use the following notations

Á(k)(u) =
dkÁ

duk
(u); Ã(k)(u) =

dkÃ

duk
(u): (2.6)
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5) Formulae:

It is well-known that if Z has moments, then the following equalities

hold.

mk = E[Zk] =
1

ik
E[(iZ)k] =

1

ik
Á(k)(0) (2.7)

So the classical moment equations are

1

ik Á(k)(0) = m̂k; k = 1;2; : : : : (2.8)

Using the following formulae

Á(1)(u) = Ã(1)(u)Á(u) (2.9)

Á(2)(u) =
³
Ã(2)(u) + (Ã(1)(u))2

´
Á(u) (2.10)

Á(3)(u) =
³
Ã(3)(u) +3Ã(2)(u)Ã(1)(u) + (Ã(1)(u))3

´
Á(u) (2.11)

Á(4)(u) =
³
Ã(4)(u) +4Ã(3)(u)Ã(1)(u) + 3(Ã(2)(u))2

+6Ã(2)(u)(Ã(1)(u))2 + (Ã(1)(u))4
´

Á(u) (2.12)

¢ ¢ ¢

we obtain the following results

m1 =
1

i
Ã(1)(0) (2.13)

m2 = ¡
³
Ã(2)(0) + (Ã(1)(0))2

´
(2.14)

m3 = ¡ 1

ik

³
Ã(3)(0) + 3Ã(2)(0)Ã(1)(0)+ (Ã(1)(0))3

´
(2.15)

m4 = Ã(4)(0) + 4Ã(3)(0)Ã(1)(0) +3(Ã(2)(0))2

+6Ã(2)(0)(Ã(1)(0))2 + (Ã(1)(0))4 (2.16)

¢ ¢ ¢

6) Transformation of the Moment Equation:

By the results obtained in 5), the moment equations (2.4) or (2.8) are

transformed to

Ã(1)(0) = im1 (2.17)

Ã(2)(0) = ¡m2 ¡ (Ã(1)(0))2

= ¡m2 ¡ (im1)
2
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= ¡(m2 ¡ m2
1) (2.18)

Ã(3)(0) = ¡im3 ¡
³
3Ã(2)(0)Ã(1)(0) + (Ã(1)(0))3

´

= ¡im3 ¡ 3(¡m2 + m2
1)im1 ¡ (im1)

3

= ¡i(m3 ¡ 3m2m1 +2m3
1) (2.19)

Ã(4)(0) = m4 ¡
³
4Ã(3)(0)Ã(1)(0) + 3(Ã(2)(0))2 + 6Ã(2)(0)(Ã(1)(0))2 + (Ã(1)(0))4

´

= m4 ¡ 4(i(¡m3 + 3m2m1 ¡ 2m3
1)im1) ¡ 3(¡m2 + m2

1)
2

¡6(¡m2 + m2
1)(im1)

2 ¡ (im1)
4

= m4 ¡ 4m3m1 ¡ 3m2
2 + 12m2m

2
1 ¡ 6m4

1; (2.20)

¢ ¢ ¢

Set

ĥ1 = m̂1 (2.21)

ĥ2 = m̂2 ¡ m̂2
1 (2.22)

ĥ3 = m̂3 ¡ 3m̂2m̂1 + 2m̂3
1 (2.23)

ĥ4 = m̂4 ¡ 4m̂3m̂1 ¡ 3m̂2
2 + 12m̂2m̂

2
1 ¡ 6m̂4

1; (2.24)

¢ ¢ ¢

then the moment equations are equivalent to the following equations.

Ã(1)(0) = iĥ1 (2.25)

Ã(2)(0) = ¡ĥ2 (2.26)

Ã(3)(0) = ¡iĥ3 (2.27)

Ã(4)(0) = ĥ4; (2.28)

¢ ¢ ¢

2.2 Generalized Method of Moments (Characteristic Func-

tion Methods)

If a distribution does not have moments, then we can not apply the classical

method of moments. However the generalized method of moments can be

applied to such cases.
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1) Sample Characteristic Function:

The characteristic function (in the sense of distribution) of Z is already

de¯ned. We here introduce the sample characteristic function by the follow-

ing formula

Á̂(u) =
1

n

nX

j=1

eiu»j ; »j = zj ¡ zj¡1: (2.29)

Note that Á̂(u) is a consistent estimator of Á(u):

lim
n!1 Á̂(u) = Á(u); ¡1 < u < 1: (2.30)

2) Generalized Moment Equation:

The following equation is called the generalized moment equation.

Á(u) = Á̂(u); ¡1 < u < 1: (2.31)

2.3 Estimation of L¶evy Processes

The L¶evy process Zt is characterized by the generating triplet (¾2; º(dx); b)

(or (¾2; º(dx); bc)c). Set Z = Z1. It is well-known that the distribution of

Z is an in¯nitely divisible distribution, and that the corresponding charac-

teristic function Á(u) is

Á(u) = E[eiuZ] = exp(Ã(u))

= exp

(
¡¾2

2
u2 +

Z

jxj<1
(eiux ¡ 1 ¡ iux)º(dx)

+
Z

jxj¸1
(eiux ¡ 1)º(dx)+ ibu

)
(2.32)

= exp

(
¡¾2

2
u2 +

Z

(¡1;1)

³
eiux ¡ 1 ¡ iuxc(x)

´
º(dx)+ ibcu

)
(2.33)

What we have to do is to estimate the generating triplet (¾2; º(dx); b) (or

(¾2; º(dx); bc)c) of the distribution of Z. Set f ~Zk = Zk ¡Zk¡1; k = 1;2; : : :g,
then f ~Zk; k = 1; 2; : : :g is i.i.d. with the same distribution as Z since L¶evy

process has temporally homogeneous independent increment. So, if we are

given an sequential data of an L¶evy process, then we can apply the method

described above to estimate the distribution of Z.
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3 Compound Poisson Model with Normal L¶evy

Measure

In this section we investigate the estimation problem of compound Poisson

processes. For the simplicity and the usefulness, we consider only the case

of normal L¶evy Measure. (Other cases can be treated in the same manner.)

So we suppose that the L¶evy Measure is

º(dx) = cg(x;m; v)dx = c
1p
2¼v

exp

Ã
¡(x ¡ m)2

2v

!
dx (3.1)

and the characteristic function Á(u) is of the following form with the pa-

rameters (c;m; v; b0),

Á(u) = E[eiuZ] = exp(Ã(u)) (3.2)

Ã(u) = ib0u +
Z 1

¡1
(eiux ¡ 1)º(dx) = ib0u + c(ĝ(u)¡ 1) ; (3.3)

where

ĝ(u) =

Z 1

¡1
eiuxg(x;m; v)dx = exp

µ
imu ¡ 1

2
vu2

¶
: (3.4)

We can apply the classical method of moments described in x2.1 to esti-

mate the parameters (c;m;v; b0) as follows.

Ã(1)(u) = ib0 + c(im ¡ vu)ĝ(u) (3.5)

Ã(2)(u) =
³
¡cv + c(im ¡ vu)2

´
ĝ(u) (3.6)

Ã(3)(u) =
³
¡3cv(im ¡ vu) + c(im ¡ vu)3

´
ĝ(u) (3.7)

Ã(4)(u) =
³
3cv2 ¡ 6cv(im ¡ vu)2 + c(im ¡ vu)4

´
ĝ(u) (3.8)

Ã(1)(0) = i(b0 + cm) (3.9)

Ã(2)(0) = ¡c(v + m2) (3.10)

Ã(3)(0) = ¡ic(v + m2)m (3.11)

Ã(4)(0) = c(3v2 +6vm2 + m4) (3.12)
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Thus the classical moment equations (2.8) are

b0 + cm = ĥ1 (3.13)

c(v + m2) = ĥ2 (3.14)

c(v + m2)m = ĥ3 (3.15)

c(3v2 +6vm2 + m4) = ĥ4: (3.16)

This equations are solved in the following way. From (3.14) and (3.15)

m =
ĥ3

ĥ2

: (3.17)

By (3.14)

v + m2 =
ĥ2

c
; (3.18)

and (3.16) is

3c(v + m2)2 ¡ 2cm4 = ĥ4: (3.19)

From these three equalities we obtain

3
ĥ2

2

c
¡ 2c

Ã
ĥ3

ĥ2

!4

= ĥ4; (3.20)

Solving this equation, we obtain (remark that c > 0)

c =

r
ĥ2

4 + 24
ĥ4
3

ĥ2
2

¡ ĥ4

4
³

ĥ3

ĥ2

´4 (3.21)

and

b0 = ĥ1 ¡ cm (3.22)

v =
ĥ2

c
¡ m2 (3.23)

Summarizing the above results, we have obtained

Result:

m̂ =
ĥ3

ĥ2

(3.24)
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ĉ =

r
ĥ2

4 +24
ĥ4

3

ĥ2
2

¡ ĥ4

4
³

ĥ3

ĥ2

´4 (3.25)

b̂0 = ĥ1 ¡ ĉm̂ (3.26)

v̂ =
ĥ2

ĉ
¡ m̂2 (3.27)
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4 Jump Di®usion (Compound Poisson Di®usion)

Model

Suppose that the L¶evy process Zt is Zt = ¾Wt +b0t+ Jt, where Jt is a com-

pound Poisson process. Then the generating triplet of Zt is (¾2; º(dx); b0)0,

and the L¶evy measure º(dx) is

º(dx) = c½(dx) (4.1)

where c is a positive constant and ½(dx) is a probability on (¡1; 1) such

that ½(f0g) = 0. Then the characteristic function Á(u) is of the following

form

Á(u) = E[eiuZ] = exp(Ã(u)) (4.2)

Ã(u) = ¡1

2
¾2u2 + ib0u + c (½̂(u) ¡ 1) ; (4.3)

where

½̂(u) =

Z 1

¡1
eiux½(dx): (4.4)

We mention here that j½̂(u)j · 1, so

jc (½̂(u) ¡ 1) j · 2c: (4.5)

From this we obtain

Proposition 1

¡2 lim
juj!1

Re[Ã(u)]

u2
= ¾2: (4.6)

Example 1 ( Discrete L¶evy measure ) The parameter ¾2 is estimated

from the sample characteristic function by the use of the above proposition.

Suppose that the L¶evy measure º(dx) is discrete, namely in the following

form

º(dx) = c½(dx) = c
dX

j=1

pj±aj (dx); pj ¸ 0; j = 1;2; : : : ; d;
dX

j=1

pj = 1:

(4.7)

Then

Ã(u) = ¡1

2
¾2u2 + ib0u + c

dX

j=1

pj(e
iuaj ¡ 1); (4.8)

The estimations of the parameters b0, c and pj ; j = 1; : : : ; d can be done by

the use of the (d+1) moment equations given in x2.1.
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Example 2 (Normal L¶evy Measure) The estimations of ¾2 and b0 are

the same as the above example. When we have obtained the values of these

parameters, the rest part is carried on in the same way as in x3.
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5 Stable Process

S®(¯;¿; c), (0 < ® < 2, ¡1 · ¯ · 1, ¡1 < ¿ < 1, c > 0).

In [11] the moment estimation is given. We have modi¯ed his methods.

Characteristic Function:

Á(u) = Ástable(u) = exp(Ã(u)) (5.1)

Ã(u) =

8
<
:

¡cjuj® ¡
1 ¡ i¯ tan ¼®

2 sgn(u)
¢

+ i¿u; for ® 6= 1

¡cjuj
³
1 + i¯ 2

¼sgn(u) log juj
´

+ i¿u; for ® = 1:
(5.2)

Polar coordinate:

Á(u) = ½(u)eiµ(u) (5.3)

where

½(u) = jÁ(u)j = e¡cjuj® (5.4)

µ(u) = Im[Ã(u)] =

8
<
:

cjuj®¯ tan ¼®
2 sgn(u) + ¿u for ® 6= 1

¡cjuj¯ 2
¼ sgn(u) log juj + ¿u for ® = 1

(5.5)

Judgement of ® = 1 or ® 6= 1:

The following formulae

log jÁ(u)j = ¡cjuj® (5.6)

and

lim
u!1

log j log jÁ(u)jj
log juj = ® (5.7)

follow from (5.3). Using these formulae, we can judge whether ® = 1 or

® 6= 1, depending on the fact that the function

y = log jÁ̂(u)j (5.8)

is almost linear or not.
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(i) Case of ® 6= 1.

Assume that we have judged that ® 6= 1. Choose u1 and u2 such that

u1;u2 6= 0 and u1 6= u2, and we use the moment equation

jÁ(u)j = jÁ̂(u)j; for u = u1; u2 (5.9)

which follows from the generalized moment equation (2.31). This is equiva-

lent to

cju1j® = ¡ log jÁ̂(u1)j; cju2j® = ¡ log jÁ̂(u2)j (5.10)

Remark 1 Since jÁ̂(u)j · 1, it holds true that ¡ log jÁ̂(u)j ¸ 0.

Solving this equation, we obtain the following estimators

®̂ =
log

µ
log jÁ̂(u1)j
log jÁ̂(u2)j

¶

log ju1
u2

j (5.11)

ĉ = ¡ log jÁ̂(u1)j
ju1j®̂ (5.12)

For the estimation of ¯ and ¿ , we use the polar expression (5.3). Set

µ̂(u) = ImÃ̂(u) = Im(LogÁ̂(u)) (5.13)

and choose u3 and u4 such that u3; u4 6= 0, u3 6= u4 and small enough.

Using the moment equation µ(u) = µ̂(u), which follows from the generalized

moment equation (2.31), we obtain the equations

ĉju3j®̂¯ tan
¼®̂

2
sgn(u3) + ¿u3 = µ̂(u3) (5.14)

ĉju4j®̂¯ tan
¼®̂

2
sgn(u4) + ¿u4 = µ̂(u4) (5.15)

These are linear equations for ¯ and ¿ , and the solution is

^̄ =
µ̂(u3)u4 ¡ µ̂(u4)u3

ĉ(tan ¼®̂
2 ) (ju3j®̂sgn(u3)u4 ¡ ju4j®̂sgn(u4)u3)

=
µ̂(u3)u4 ¡ µ̂(u4)u3

ĉ(tan ¼®̂
2 )(ju3j®̂¡1 ¡ ju4j®̂¡1)u3u4

; (5.16)

¿̂ =
ju3j®̂sgn(u3)µ̂(u4)¡ ju4j®̂sgn(u4)µ̂(u4)

ju3j®̂sgn(u3)u4 ¡ ju4j®̂sgn(u4)u3

=
ju3j®̂¡1u3µ̂(u4) ¡ ju4j®̂¡1u4 µ̂(u4)

(ju3j®̂¡1 ¡ ju4j®̂¡1)u3u4
: (5.17)
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(ii) Case of ® = 1.

Assume that we have judged that ® = 1. Then log jÁ(u)j
juj = log ½(u)

juj = ¡c.

Choose u1 6= 0. The estimator of c is

ĉ = ¡ log jÁ(u1)j
ju1j : (5.18)

The equations for ¯ and ¿ are followed from the moment equation µ(u) =

µ̂(u) with ® = 1 and ĉ of (5.18), so

µ
¡ĉ¯

2

¼
log ju3j + ¿

¶
u3 = µ̂(u3) (5.19)

µ
¡ĉ¯

2

¼
log ju4j + ¿

¶
u4 = µ̂(u4) (5.20)

The solution is

^̄ =
µ̂(u3)u4 ¡ µ̂(u4)u3

¡ĉ 2
¼(log ju3j ¡ log ju4j)u3u4

(5.21)

¿̂ =
(log ju3j)u3 µ̂(u4) ¡ (log ju4j)u4µ̂(u3)

(log ju3j ¡ log ju4j)u3u4
(5.22)
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6 Variance Gamma Model

VG(C; c1; c2; b0)

L¶evy measure, generating triplets, and characteristic function (Á(u)):

The L¶evy measure is

º(dx) = C
³
Ifx<0g exp(¡c1jxj) + Ifx>0g exp(¡c2jxj)

´
jxj¡1dx; (6.1)

where C;c1; c2 are positive constants.

The generating triplet is (0; º(dx); b0)0, and the characteristic function

ÁV G(u) is

ÁV G(u) = exp

½
ib0u ¡ C

µ
log(1 +

iu

c1
) + log(1 ¡ iu

c2
)

¶¾
(6.2)

= eib0u

0
@ 1³

1 + iu
c1

´ ³
1 ¡ iu

c2

´

1
A

C

(6.3)

6.1 Estimation by Classical Method of Moments

Set

ÁV G(u) = expfÃ(u)g
Ã(u) = ib0u ¡ C

µ
log(1 +

iu

c1
)+ log(1 ¡ iu

c2
)

¶
; (6.4)

then

Ã(1)(u) = ib0 + iC

µ
1

c2 ¡ iu
¡ 1

c1 ¡ iu

¶
; (6.5)

Ã(2)(u) = ¡C

µ
1

(c2 ¡ iu)2
+

1

(c1 ¡ iu)2

¶
(6.6)

Ã(3)(u) = ¡2iC

µ
1

(c2 ¡ iu)3
¡ 1

(c1 ¡ iu)3

¶
(6.7)

Ã(4)(u) = 6C

µ
1

(c2 ¡ iu)4
+

1

(c1 ¡ iu)4

¶
: (6.8)

So we obtain

Ã(1)(0) = i

µ
b0 + C

µ
1

c2
¡ 1

c1

¶¶
; (6.9)

Ã(2)(0) = ¡C

µ
1

c2
2

+
1

c2
1

¶
(6.10)
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Ã(3)(0) = ¡i2C

µ
1

c3
2

¡ 1

c3
1

¶
(6.11)

Ã(4)(0) = 6C

µ
1

c4
2

+
1

c4
1

¶
: (6.12)

From the above results, the moment equations (2.8) are

b0 + C

µ
1

c2
¡ 1

c1

¶
= ĥ1 (6.13)

C

µ
1

c2
2

+
1

c2
1

¶
= ĥ2 (6.14)

2C

µ
1

c3
2

¡ 1

c3
1

¶
= ĥ3 (6.15)

6C

µ
1

c4
2

+
1

c4
1

¶
= ĥ4: (6.16)

We solve these equations as follows. Set

x1 = ¡ 1

c1
< 0; x2 =

1

c2
> 0; (6.17)

then

x1 + x2 =
ĥ1 ¡ b0

C
(6.18)

x2
1 + x2

2 =
ĥ2

C
(6.19)

x3
1 + x3

2 =
ĥ3

C
(6.20)

x4
1 + x4

2 =
ĥ4

C
(6.21)

By (6.19),

(x1 + x2)
2 = x2

1 + x2
2 + 2x1x2 =

ĥ2

C
+2x1x2; (6.22)

and from (6.18), (6.22)

x1x2 =
1

2

Ã
(ĥ1 ¡ b0)

2

C2
¡ ĥ2

C

!
(6.23)

When b0 and C are given, by (6.18) and (6.23), x1 and x2 are the solutions

of the following equation

x2 ¡ (ĥ1 ¡ b0)

C
+

1

2

Ã
(ĥ1 ¡ b0)

2

C2
¡ ĥ2

C

!
= 0: (6.24)
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Next we derive the equations for C and b0. Using (6.18) and (6.19), we

obtain

(x1 + x2)
3 = (x1 + x2)(x

2
1 ¡ x1x2 + x2

2)

=
(ĥ1 ¡ b0)

C

Ã
ĥ2

C
¡ 1

2

Ã
(ĥ1 ¡ b0)

2

C2 ¡ ĥ2

C

!!

=
(ĥ1 ¡ b0)

C

Ã
3

2

ĥ2

C
¡ 1

2

(ĥ1 ¡ b0)2

C2

!
(6.25)

So, by (6.20),

ĥ3 = (ĥ1 ¡ b0)

Ã
3

2

ĥ2

C
¡ 1

2

(ĥ1 ¡ b0)
2

C2

!
(6.26)

and

ĥ3C
2 ¡ 3ĥ2(ĥ1 ¡ b0)C +(ĥ1 ¡ b0)

3 = 0: (6.27)

Using (6.19) and (6.23), we obtain

x4
1 + x4

2 = (x2
1 + x2

2)
2 ¡ 2x2

1x
2
2

=

Ã
ĥ2

C

!2

¡ 2

Ã
1

2

Ã
(ĥ1 ¡ b0)2

C2
¡ ĥ2

C

!!2

=
1

2

ĥ2
2

C2
+

ĥ2(ĥ1 ¡ b0)
2

C3
¡ 1

2

(ĥ1 ¡ b0)
4

C4
: (6.28)

By (6.21),

ĥ4 =
1

2

ĥ2
2

C
+

ĥ2(ĥ1 ¡ b0)2

C2 ¡ 1

2

(ĥ1 ¡ b0)4

C3 : (6.29)

and so

ĥ4C
3 ¡ 1

2
ĥ2

2C
2 ¡ ĥ2(ĥ1 ¡ b0)

2C +
1

2
(ĥ1 ¡ b0)

4 = 0: (6.30)

By (6:30) ¡ (6:27) £ (ĥ1 ¡ b0), we obtain

ĥ2(ĥ1 ¡ b0)
2 ¡ 2ĥ3C(ĥ1 ¡ b0) ¡ ĥ2

2C +2ĥ4C
2 = 0: (6.31)

Eliminating (ĥ1 ¡ b0) by (6:27) £ ĥ2 ¡ (6:31) £ (ĥ1 ¡ b0), we obtain the

following equation

ĥ3C(ĥ1 ¡ b0)
2 ¡ (ĥ2

2 + ĥ4C)(ĥ1 ¡ b0) + ĥ2ĥ3C = 0; (6.32)

namely

(ĥ2ĥ3 ¡ ĥ4(ĥ1 ¡ b0))C + ĥ3(ĥ1 ¡ b0)
2 ¡ ĥ2

2(ĥ1 ¡ b0) = 0: (6.33)

17



Solving this equation, we get the solution

C =
ĥ3(ĥ1 ¡ b0)

2 ¡ ĥ2
2(ĥ1 ¡ b0)

ĥ4(ĥ1 ¡ b0) ¡ ĥ2ĥ3

=
ĥ3Y

2 ¡ ĥ2
2Y

ĥ4Y ¡ ĥ2ĥ3

; (6.34)

where we set Y = (ĥ1 ¡ b0).

The equation (6.31) is writen as

ĥ2Y
2 ¡ 2ĥ3CY ¡ ĥ2

2C + 2ĥ4C2 = 0: (6.35)

Using (6.34), we obtain

ĥ2(ĥ4Y ¡ ĥ2ĥ3)
2Y 2 ¡ 2ĥ3(ĥ3Y

2 ¡ ĥ2
2Y )(ĥ4Y ¡ ĥ2ĥ3)Y

¡ĥ2
2(ĥ3Y

2 ¡ ĥ2
2Y )(ĥ4Y ¡ ĥ2ĥ3)C +2ĥ4(ĥ3Y 2 ¡ ĥ2

2Y )2 = 0: (6.36)

namely

ĥ3
2ĥ

2
3Y 4 +(2ĥ2ĥ

3
3 ¡ 2ĥ2

2ĥ3 ¡ 3ĥ2
2ĥ3ĥ4)Y

3 + 3ĥ4
2ĥ4Y

2 ¡ ĥ5
2ĥ3Y = 0 (6.37)

We know from (6.34) that Y 6= 0 because C > 0. Therefore we obtain

ĥ3
2ĥ

2
3Y 3 +(2ĥ2ĥ

3
3 ¡ 2ĥ2

2ĥ3 ¡ 3ĥ2
2ĥ3ĥ4)Y

2 + 3ĥ4
2ĥ4Y ¡ ĥ5

2ĥ3 = 0: (6.38)

Suppose that the above equation (6.38) has a solution. Using this solu-

tion, we obtain the following procedure.

Result:

Let Y be a solution of (6.38). Then

b̂0 = ĥ1 ¡ Y (6.39)

Ĉ =
ĥ3Y 2 ¡ ĥ2

2Y

ĥ4Y ¡ ĥ2ĥ3

; (6.40)

where we assume that Ĉ is positive. Next let (x̂1; x̂2) be the solution of

(6.24), and suppose that x̂1 < 0 < x̂2. Then

ĉ1 = ¡ 1

x1
(6.41)

ĉ2 =
1

x2
(6.42)

18



6.2 Estimation by Generilized method of Moments

We can apply the generalized method of moment to the Variance Gamma

model. The characteristic function ÁV G(u) is given in (6.2) and (VG.chf.2).

Estimation of C:

It is easy to see that

lim
u!1

Re[log Á(u)]

log u
= ¡2C (6.43)

Using this formula, we obtain an estimator Ĉ of C

Ĉ = ¡1

2

Re[log Á̂(u1)]

u1
; (6.44)

for some large number u1.

Estimation of b0, c1 and c2:

Let Ĉ be the estimator of C. The moment equations (2.8) are in this

case

b0 + Ĉ

µ
1

c2
¡ 1

c1

¶
= ĥ1 (6.45)

Ĉ

µ
1

c2
2

+
1

c2
1

¶
= ĥ2 (6.46)

2Ĉ

µ
1

c3
2

¡ 1

c3
1

¶
= ĥ3: (6.47)

We can solve this equation for b0, c1 and c2.
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7 CGMY Process

CGMY(C;G; M;Y;b1)

7.1 Characteristic Function

L¶evy measure, generating triplets:

The L¶evy measure of the CGMY process is

º(dx) = C
³
Ifx<0g exp(¡Gjxj) + Ifx>0g exp(¡M jxj)

´
jxj¡(1+Y )dx; (7.1)

where C > 0; G ¸ 0;M ¸ 0; Y < 2. If Y · 0, then G > 0 and M > 0 are

assumed. We mention here that the case Y = 0 is the VG process case, and

the case G = M = 0 and 0 < Y < 2 is the symmetric stable process case.

In the sequel we assume that G; M > 0.

Since Z

jxj 1̧
jxjº(dx) < 1 (7.2)

we can adopt the generating triplet (0; º; b1)1. And we know that b1 is the

mean of the distribution ¹.

If Y < 1, then the following condition

Z

jxj<1
jxjº(dx) < 1 (7.3)

is satis¯ed. So in this case we have another expression of the generating

triplet (0; º; b0)0.

The characteristic function (ÁCGMY (u)):

(1) The case Y = 0.

This case is Variance Gamma case.The characteristic function ÁV G(u) is

ÁV G(u) = exp

(
ib0u +

Z

jxj>0
(eiux ¡ 1)º(dx)

)

= exp

½
ib0u ¡ C

µ
log(1 +

iu

G
) + log(1 ¡ iu

M
)

¶¾

= eib0u

0
@ 1³

1 + iu
G

´ ³
1 ¡ iu

M

´

1
A

C

(7.4)
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Remark 2 If we adopt the generating triplet (0; º; b1)1, then

b1 = b0 +

Z 1

¡1
xº(dx) = b0 + C

µ
1

M
¡ 1

G

¶
(7.5)

and

ÁV G(u) = exp

½
i

µ
b1 ¡ C

µ
1

M
¡ 1

G

¶¶
u ¡ C

µ
log(1 +

iu

G
) + log(1 ¡ iu

M
)

¶¾

= ei(b1¡C( 1
M ¡ 1

G ))u

0
@ 1³

1 + iu
G

´ ³
1 ¡ iu

M

´

1
A

C

(7.6)

(2) The case Y < 1 and Y 6= 0.

ÁCGMY (u) = exp

(
ib0u +

Z

jxj>0
(eiux ¡ 1)º(dx)

)

= exp
n

ib0u + C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o

(7.7)

If we adopt another expression of the generating triplet, (0; º(dx); b1)1, then

we obtain

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp
n

i
³
b1 + C¡(¡Y )Y (MY ¡1 ¡ GY ¡1)

´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o
(7.8)

Remark 3 (i) It follows from these formulae that

b0 = b1 + C¡(¡Y )Y (MY ¡1 ¡ GY ¡1): (7.9)

(ii) The right hand side of (A.7) or (A.8) converged to the characteristic

function of VG when Y ! 0, namely

lim
Y !0

½
ib0u ¡ C

¡(1 ¡ Y )

Y

³
(M ¡ iu)Y ¡ MY +(G + iu)Y ¡ GY

´¾

= ib0u ¡ C (log(M ¡ iu) ¡ log M + log(G + iu) ¡ logG)

= ib0u ¡ C

µ
log(1 ¡ iu

M
) + log(1 +

iu

G
)

¶
: (7.10)
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(3) The case Y=1.

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp

½
ib1u + C

µµ
(M ¡ iu) log(1 ¡ iu

M
) + iu

¶
+

µ
(G + iu) log(1 +

iu

G
) ¡ iu

¶¶¾

= exp

½
ib1u + C

µ
(M ¡ iu) log(1 ¡ iu

M
) + (G+ iu) log(1 +

iu

G
)

¶¾
(7.11)

(4) The case 1 < Y < 2.

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp
n

ib1u + C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´

+ iuC¡(¡Y )Y
³
MY ¡1 ¡ GY ¡1

´o

= exp
n

i
³
b1 + C¡(¡Y )Y

³
MY ¡1 ¡ GY ¡1

´´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY +(G + iu)Y ¡ GY

´o
(7.12)

Remark 4 The last formula is the same with the case (2).

Remark 5 The right hand side of (A.13) converges to the right hand side

of (A.11), namely

lim
Y !1

n
i

³
b1 + C¡(¡Y )Y

³
MY ¡1 ¡ GY ¡1

´´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o

= lim
Y !1

½
i

µ
b1 + C

¡(2 ¡ Y )

Y ¡ 1

³
MY ¡1 ¡ GY ¡1

´¶
u

+C
¡(2 ¡ Y )

Y (Y ¡ 1)

³
(M ¡ iu)((M ¡ iu)Y ¡1 ¡ 1) ¡ M(MY ¡1 ¡ 1)

+(G + iu)((G + iu)Y ¡1 ¡ 1) ¡ G(GY ¡1 ¡ 1)
´o

= i (b1 + C (log M ¡ log G))u

+C ((M ¡ iu) log(M ¡ iu) ¡ M log M + (G+ iu) log(G+ iu) ¡ Glog G)

= ib1u + C

µ
(M ¡ iu) log(1 ¡ iu

M
) + (G + iu) log(1 +

iu

G
)

¶
(7.13)
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7.2 Properties of Characteristic Function

Proposition 2

lim
u!1

log jRe[log Á(u)]j
log u

=

8
<
:

Y; Y > 0;

0; Y · 0
(7.14)

Proof (see Appendix B)

Proposition 3 (i) If 0 < Y < 2

lim
u!1

Re[log Á(u)]

uY
=

8
<
:

2C¡(¡Y ) cos
¡ ¼

2 Y
¢

; Y 6= 1

¡¼C; Y = 1
(7.15)

(ii) If Y = 0

lim
u!1

Re[log Á(u)]

log u
= ¡2C (7.16)

(iii) If Y < 0

lim
u!1 Re[logÁ(u)] = ¡C¡(¡Y )(MY + GY ) (7.17)

Proof (see Appendix C)

Remark 6 It holds that

lim
Y !1

2C¡(¡Y ) cos

µ
¼

2
Y

¶
= ¡¼C (7.18)

7.3 Estimation

The CGMY processes have moments of any orders. So we can apply the

classical method of moments to the estimation problems of the CGMY pro-

cesses, but the equations obtained in the classical MM are not easy to solve.

And so we try to to combine the characteristic function method with the

classical MM. Using the above results, we can carry on the following esti-

mation procedures.

Judgement of Y > 0 or Y · 0:

We can use the result of Proposition 1 for the judgement of the condition

that Y > 0 or Y · 0. If the value

log jRe[log Á̂(u)]j
log u

(7.19)
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is positive and separated from 0 for large u, we judge as Y > 0. If not, we

judge as Y · 0.

(i) Case of Y > 0.

Assume that we have judged that Y > 0. Then we can continue the

following procedure.

1) Estimation of of the value of Y :

Using Proposition 1 again, we obtain an estimator of Y , Ŷ

Ŷ =
log jRe[log Á̂(u1)]j

log u1
; (7.20)

where u1 is a number large enough.

2) Estimation of b1:

It is known that b1 = m1 (=mean). Therefore we obtain the estimator

b̂1 = ĥ1 (= m̂1) (7.21)

3) Estimation of C:

(1) The case 0 < Y < 2;Y 6= 1:

By the result (i) of Proposition 3, we obtain the estimator Ĉ solving the

following equation

Re[log Á̂(u3)]

(u3)Ŷ
= 2C¡(¡Ŷ ) cos

µ
¼

2
Ŷ

¶
(7.22)

for some large number u3.

(2) The case of Y = 1.

By the result (i) of Proposition 3, we obtain the estimator Ĉ solving the

following equation
Re[log Á̂(u3)]

(u3)Ŷ
= ¡¼C: (7.23)

for some large number u3.

4)Estimation of G and M:

Let Ŷ , b̂1 and Ĉ be the estimators of Y , b1 and C respectively.
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(1) The case 0 < Y < 2;Y 6= 1: The moment equations (2.8) for k = 1;2

are in this case

Ĉ¡(¡Ŷ )Ŷ (Ŷ ¡ 1)
³
GŶ ¡2 + M Ŷ ¡2

´
= ĥ2 (7.24)

Ĉ¡(¡Ŷ )Ŷ (Ŷ ¡ 1)(Ŷ ¡ 2)
³
GŶ ¡3 ¡ M Ŷ ¡3

´
= ĥ3: (7.25)

We can solve this equation for G and M, and we obtain the estimators Ĝ

and M̂ .

(2) The case of Y = 1: The moment equations (2.8) are in this case

Ĉ

µ
1

G
+

1

M

¶
= ĥ2 (7.26)

¡Ĉ

µ
1

G2 ¡ 1

M2

¶
= ĥ3 (7.27)

We can solve this equation for G and M, and we obtain the estimators Ĝ

and M̂ .

(ii) Case of Y · 0.

Judgement of Y = 0 or Y < 0.

When we have judged as Y · 0, then we have to check whether Y = 0 or

Y < 0. This is done by the use of the results of (ii) and (iii) of proposition

2.

If the limit

lim
u!1 Re[log Á(u)] (7.28)

diverged to ¡1, then we judge as Y = 0. If it converges, then we judge as

Y < 0.

(iii) Case of Y = 0.

1) Estimation of C:

Using the following formula

lim
u!1

Re[log Á(u)]

log u
= ¡2C (7.29)

we obtain an estimator Ĉ of C

Ĉ = ¡1

2

Re[log Á̂(u1)]

u1
; (7.30)
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for some large number u1.

2) Estimation of b1:

The estimator b̂1 of b1 is given by

b̂1 = ĥ1 (7.31)

3) Estimation of c1 and c2:

Let Ĉ and b̂0 be the estimators of C and b0 respectively.. The moment

equations (2.8) are in this case

Ĉ

µ
1

G2
+

1

M2

¶
= ĥ2 (7.32)

¡2Ĉ

µ
1

G3
¡ 1

M3

¶
= ĥ3: (7.33)

We can solve this equation for c1 and c2.

(iv) Case of Y < 0.

1)Estimation of b1:

b̂1 = ĥ1 (= m̂1) (7.34)

2) Estimation of b1:

The estimator b̂1 of b1 is given by

b̂1 = ĥ1 (7.35)

3) Estimation of Y, C, G and M:

Let b̂1 be the estimator of b1 . By (iii) of Proposition 3, we obtain an

equation

Re[log Á̂(u3)] = ¡C¡(¡Y )(GY + MY ) (7.36)

for some large u3.

The moment equations (2.8) are in this case

C¡(¡Y )Y (Y ¡ 1)
³
GY ¡2 + MY ¡2

´
= ĥ2 (7.37)

C¡(¡Y )Y (Y ¡ 1)(Y ¡ 2)
³
GY ¡3 ¡ MY ¡3

´
= ĥ3 (7.38)

C¡(¡Y )Y (Y ¡ 1)(Y ¡ 2)(Y ¡ 3)
³
GY ¡4 + MY ¡4

´
= ĥ4 (7.39)
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Solving the above 4 equations for Y; C; G; M, we obtain the estimators

Ŷ ; Ĉ; Ĝ; M̂ .
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Appendix

A Characteristic Function of CGMY

(1) The case Y = 0.

This case is Variance Gamma case.

Z 1

0
(e¡ux ¡ 1)x¡1e¡Mxdx

= ¡
Z 1

0

µZ u

0
e¡yxdy

¶
e¡Mxdx

= ¡
Z u

0

µZ 1

0
e¡(M+y)xdx

¶
dy

= ¡
Z u

0

1

M + y
dy

= ¡ log(M + U) ¡ log M

= ¡ log(1 +
u

M
) (A.1)

Z 1

0
(eiux ¡ 1)x¡1e¡Mxdx = ¡ log(1 ¡ iu

M
) (A.2)

The characteristic function ÁV G(u) is

ÁV G(u) = exp

(
ib0u +

Z

jxj>0
(eiux ¡ 1)º(dx)

)

= exp

½
ib0u ¡ C

µ
log(1 +

iu

G
) + log(1 ¡ iu

M
)

¶¾

= eib0u

0
@ 1³

1 + iu
G

´ ³
1 ¡ iu

M

´

1
A

C

(A.3)

(2) The case Y < 1 and Y 6= 0.

We can adopt the generating triplet (0; º; b0)0, and the characteristic

function is

ÁCGMY (u) = exp

Ã
ib0u +

Z

jxj>0
(eiux ¡ 1)º(dx)

!
(A.4)
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For u > 0, we can calculate
Z 1

0
(e¡ux ¡ 1)x¡1¡Y e¡Mxdx

= ¡
Z 1

0

µZ u

0
e¡yxdy

¶
x¡Y e¡Mxdx

= ¡
Z u

0

µZ 1

0
x¡Y e¡(M+y)xdx

¶
dy

= ¡
Z u

0
(M + y)Y ¡1

µZ 1

0
v¡Y e¡vdv

¶
dy

= ¡¡(1 ¡ Y )
1

Y

³
(M + u)Y ¡ MY

´

= ¡(¡Y )
³
(M + u)Y ¡ MY

´
(A.5)

Z 1

0
(eiux ¡ 1)x¡1¡Y e¡Mxdx = ¡(¡Y )

³
(M ¡ iu)Y ¡ MY

´
(A.6)

Therefore we obtain

ÁCGMY (u) = exp

(
ib0u +

Z

jxj>0
(eiux ¡ 1)º(dx)

)

= exp
n

ib0u + C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o

(A.7)

If we adopt another expression of the generating triplet, (0; º(dx); b1)1,

then we obtain

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp

(
i

Ã
b1 ¡

Z

jxj>0
xº(dx)

!
u +

Z

jxj>0
(eiux ¡ 1)º(dx)

)

= exp
n

i
³
b1 ¡ C¡(1 ¡ Y )(MY ¡1 ¡ GY ¡1)

´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G+ iu)Y ¡ GY

´o

= exp
n

i
³
b1 + C¡(¡Y )Y (MY ¡1 ¡ GY ¡1)

´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G+ iu)Y ¡ GY

´o
(A.8)

(3) The case Y=1.

Z 1

0
(eiux ¡ 1 ¡ iux)x¡2e¡Mxdx
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=
Z 1

0
(eiux ¡ 1 ¡ iux)

0
@

d
n

¡x¡1e¡Mx
o

dx
¡ Mx¡1e¡Mx

1
A dx

= ¡
µh

(eiux ¡ 1 ¡ iux)(x¡1e¡Mx)
i1
0

¡ iu

Z 1

0
(eiux ¡ 1)(x¡1e¡Mx)dx

¶

¡M
Z 1

0
(eiux ¡ 1 ¡ iux)(¡x¡1e¡Mx)dx

= iu

Z 1

0
(eiux ¡ 1)(x¡1e¡Mx)dx

¡M

µZ 1

0
(eiux ¡ 1)(x¡1e¡Mx)dx ¡ iu

Z 1

0
e¡Mxdx

¶

= (iu ¡ M)
Z 1

0
(eiux ¡ 1)(x¡1e¡Mx)dx + iuM

Z 1

0
e¡Mxdx

= ¡(iu ¡ M) log(1 ¡ iu

M
) + iu; (A.9)

where we use the following formula

Z 1

0
(eiux ¡ 1)x¡1e¡Mxdx = ¡ log(1 ¡ iu

M
) (A.10)

Therefore we obtain

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp

½
ib1u + C

µµ
(M ¡ iu) log(1 ¡ iu

M
) + iu

¶
+

µ
(G + iu) log(1 +

iu

G
) ¡ iu

¶¶¾

= exp

½
ib1u + C

µ
(M ¡ iu) log(1 ¡ iu

M
) + (G+ iu) log(1 +

iu

G
)

¶¾
(A.11)

(4) The case 1 < Y < 2.

Z 1

0
(eiux ¡ 1 ¡ iux)x¡1¡Y e¡Mxdx

=
Z 1

0
(eiux ¡ 1 ¡ iux)

1

Y

0
@¡

d
n

x¡Y e¡Mx
o

dx
¡ Mx¡Y e¡Mx

1
A dx

= ¡ 1

Y

µh
(eiux ¡ 1 ¡ iux)(x¡Y e¡Mx)

i1
0

¡ iu
Z 1

0
(eiux ¡ 1)(x¡Y e¡Mx)dx

¶

¡M

Y

Z 1

0
(eiux ¡ 1 ¡ iux)(x¡Y e¡Mx)dx

=
iu

Y

Z 1

0
(eiux ¡ 1)(x¡Y e¡Mx)dx

¡M

Y

µZ 1

0
(eiux ¡ 1)(x¡Y e¡Mx)dx ¡ iu

Z 1

0
x1¡Y e¡Mxdx

¶
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=
iu ¡ M

Y

Z 1

0
(eiux ¡ 1)(x¡Y e¡Mx)dx +

iuM

Y

Z 1

0
x1¡Y e¡Mxdx

=
iu ¡ M

Y
¡(1 ¡ Y )

³
(M ¡ iu)Y ¡1 ¡ MY ¡1

´
+

iuM

Y
¡(2 ¡ Y )MY ¡2

= ¡(¡Y )(M ¡ iu)
³
(M ¡ iu)Y ¡1 ¡ MY ¡1

´
¡ iu¡(¡Y )(1 ¡ Y )MY ¡1

= ¡(¡Y )
³
(M ¡ iu)Y ¡ MY

´
+ iu¡(¡Y )Y MY ¡1 (A.12)

Therefore we obtain

ÁCGMY (u) = exp

(
ib1u +

Z

jxj>0
(eiux ¡ 1 ¡ iux)º(dx)

)

= exp
n

ib1u + C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´

+ iuC¡(¡Y )Y
³
MY ¡1 ¡ GY ¡1

´o

= exp
n

i
³
b1 + C¡(¡Y )Y

³
MY ¡1 ¡ GY ¡1

´´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY +(G + iu)Y ¡ GY

´o
(A.13)

B Proof of Proposition 2

(Proof)

(1) The case of 0 < Y < 2, Y 6= 1:

ÁCGMY (u) = exp
n

i
³
b1 + C¡(¡Y )Y

³
MY ¡1 ¡ GY ¡1

´´
u

+C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o
(B.1)

Set

M ¡ iu =
³p

M2 + u2
´

eiµM (u) (B.2)

G+ iu =
³p

G2 + u2
´

eiµG(u) (B.3)

Remark that µM(u) is a decreasing function and µG(u) is an increasing func-

tion, and that

lim
u!1µM (u) = ¡¼

2
(B.4)

lim
u!1µG(u) =

¼

2
: (B.5)
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Re[log Á(u)] = C¡(¡Y )

µ³p
M2 + u2

´Y
cos (Y µM (u)) ¡ MY

+(
³p

G2 + u2
´Y

cos (Y µG(u)) ¡ GY
¶

: (B.6)

lim
u!1 cos (Y µM (u)) = cos

µ
¡¼

2
Y

¶
= cos

µ
¼

2
Y

¶
(B.7)

lim
u!1 cos (Y µG(u)) = cos

µ
¼

2
Y

¶
(B.8)

If 0 < Y < 1, then cos
¡

¼
2 Y

¢
is positive. If 1 < Y < 2, then cos

¡
¼
2 Y

¢

is negative. From these facts it follows that jRe[log Á(u)]j is of order jujY
when u ! 1. So we have obtained the result (7.14).

(2) The case Y = 1:

Á(u) = exp

½
ib1u + C

µ
(M ¡ iu) log(1 ¡ iu

M
) + (G + iu) log(1 +

iu

G
)

¶¾

(B.9)

Using the same notations as above, we obtain

log Á(u) = ib1u + C

0
@

p
M2 + u2eiµM (u)

0
@log

s

1 +
u2

M2
+ iµM (u)

1
A

+
p

G2 + u2eiµG (u)

0
@log

s

1 +
u2

G2
+ iµG(u)

1
A

1
A (B.10)

Re[logÁ(u)]

= C

0
@

p
M2 + u2

0
@log

s

1 +
u2

M2
cosµM (u) ¡ µM (u) sinµM(u)

1
A

+
p

G2 + u2

0
@log

s

1 +
u2

G2
cosµG(u)¡ µG(u) sin µG(u)

1
A

1
A

= C

0
@M log

s

1 +
u2

M2
+ µM (u)u + G log

s

1 +
u2

G2
¡ µG(u)u

1
A(B.11)

where we use

cosµM (u) =
Mp

M2 + u2
; sin µM (u) =

¡up
M2 + u2

(B.12)

cosµG(u) =
Gp

G2 + u2
; sin µG(u) =

up
G2 + u2

(B.13)
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The formula (7.14) follows from (B.11).

(3) Y = 0

In this case

ÁV G(u) = exp

½
ib0u ¡ C

µ
log(1 +

iu

G
) + log(1 ¡ iu

M
)

¶¾

(B.14)

Therefore

Re[log Á(u)]

= ¡C

0
@log

s

1 +
u2

M2
+ log

s

1 +
u2

G2

1
A (B.15)

The formula (7.14) follows from (B.15).

(4) Y < 0

In this case

Á(u) = exp
n

ib0u + C¡(¡Y )
³
(M ¡ iu)Y ¡ MY + (G + iu)Y ¡ GY

´o
(B.16)

and

Re[log Á(u)] = C¡(¡Y )

µ³p
M2 + u2

´Y
cos (Y µM (u)) ¡ MY

+
³p

G2 + u2
´Y

cos (Y µG(u)) ¡ GY
¶

: (B.17)

Since Y < 0, it is easy to see the formula (7.14).

(Q.E.D)

C Proof of Proposition 3

(Proof)

(i) (1) The case of 0 < Y < 2, Y 6= 1

Re[log Á(u)] = C¡(¡Y )

µ³p
M2 + u2

´Y
cos (Y µM (u)) ¡ MY

+(
³p

G2 + u2
´Y

cos (Y µG(u)) ¡ GY
¶

: (C.1)
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lim
u!1 cos (Y µM (u)) = cos

µ
¡¼

2
Y

¶
= cos

µ
¼

2
Y

¶
(C.2)

lim
u!1 cos (Y µG(u)) = cos

µ
¼

2
Y

¶
(C.3)

Using these formulae, we obtain

lim
u!1

Re[log Á(u)]

uY
= 2C¡(¡Y ) cos

µ
¼

2
Y

¶
: (C.4)

(2) The case Y = 1:

Re[log Á(u)]

= C

0
@M log

s

1 +
u2

M2 + µM (u)u + G log

s

1 +
u2

G2 ¡ µG(u)u

1
A(C.5)

and

lim
u!1

Re[log Á(u)]

u
= ¡¼C: (C.6)

(ii) The case Y = 0:

Re[log Á(u)] = ¡C

0
@log

s

1 +
u2

M2 +log

s

1 +
u2

G2

1
A (C.7)

and so

lim
u!1

Re[log Á(u)]

log u
= ¡2C (C.8)

(iii) The case Y < 0:

Re[log Á(u)] = C¡(¡Y )

µ³p
M2 + u2

´Y
cos (Y µM (u)) ¡ MY

+
³p

G2 + u2
´Y

cos (Y µG(u)) ¡ GY
¶

: (C.9)

Since Y < 0

lim
u!1 Re[logÁ(u)] = ¡C¡(¡Y )(MY + GY ) (C.10)

(Q.E.D.)
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