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ABSTRACT

We consider the incomplete assets markets. Then there are many equivalent
martingale measures. Among them, the probability measure, which minimizes
the relative entropy with respect to the original probability measure P, has a
special meaning. We call such a measure the canonical martingale measure. The
canonical martingale measure is, if exists, unique. We investigate the existence
problem of canonical martingale measures.

1. Introduction

In the theory of the financial market, equivalent martingale measures are often
discussed (Harrison and Pliska 1981, 1983). Suppose that the price process of stocks is
the stochastic process S = (S(t).t > 0) defined on some probability space (2, F, P).
Under the assumption of the absence of arbitrage opportunities, there is an equivalent
probability measure @ ~ P such that S is a martingale under @.(We call such a
measure @ the equivalent S-martingale measure.)

If the market is complete, the equivalent martingale measure () is determined
uniquely. But, if the market is incomplete, there are many equivalent martingale
measures. In such a case, the problem to analyze the mechanism of determining the
prices of contingent claims remains to be an open problem. An answer to the above
problem is adopting the minimization principle of relative entropy as the criterion of
reasonable martingale measure.

The equivalent S-martingale measure P*, which has the minimum relative entropy
w.r.t. P, is called the canonical martingale measure of the price process S (Definition
2). It may be natural to think that the theoretical price (= value) of a contingent
claim X is equal to the expectation Ep«[X] of X with respect to P*, in regard of
Sanov's Lemma of the large deviation theory. The canonical martingale measure of
the price process § is unique, if it exists (Remark 1). Therefore, the existence of
canonical martingale measures is the problem to be investigated.

Our first main result is Theorem 3 in §2, which asserts that if the price process
S is bounded, then there exists the unique canonical martingale measure. In §3
we investigate the case where the price process S is given by stochastic differential
equations(S.D.E.). The second main theorem is Theorem 4, which asserts that in
the SDE case there exists the unique canonical martingale measure P*, and that
the measure P* is given by Girsanov’s transformation of measure from the original
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measure P. Our results are obtained without the assumption of square integrability
of Radon-Nikodym derivatives of S martingale measures with respect to the original
measure P (see Remark 4).

2. Preliminaries and General Results

Let (Q,F, P) be a probability space and let {F;,t > 0} be an increasing family
of sub o-fields of F, where we assume that F; is right continuous and includes all
P-negligible sets in F. Suppose that the price process S = (S(t),t > 0), S(t) =
(S1(t), S2(t),...,Sk(t)) € RX, is given as a K-dimensional F;-adapted stochastic
process defined on (2, F, P).

Under the above framework, we define P(S) as the set of all equivalent S-martingale
measures, namely the set of all probability @ on (Q, F) such that (S(t),t > 0) is
(Fi, Q)-martingale and Q ~ P (absolutely continuous with each other), and we de-
fine M(S) as the set of all S-martingale measures which is absolutely continuous
with respect to P. From the definitions of P(S) and M(S), the following lemma is
obtained easily.

Lemma 1 P(S) and M(S) are convezx subsets of M (=the set of all probability
measures on (2, F)).

We denote the relative entropy of @) with respect to P by H(Q|P), and the
variation distance of @ and Q3 by ||Q1 — Q2||var-

Definition 1 For the convexr subset £ of My, we set H(E|P) = infges H(Q|P). If
this infimum is attained at a point in £, then the point is called minimum point in £.

Remark 1 If a minimum point exists, then it is unique. This fact follows from the
strict convezity of the relative entropy.

The basic properties of the relative entropy are described in the following lemmas.

Lemma 2 (Csiszar 1984) Let £ be a convez subset of My, and let Q,,n=1,2, ...,
be a sequence from £ such that lim,_,, H(Q,|P) = H(E|P). Then

(1) there is a probability measure Qu, such that lim, .|| @n ~ Quollvar = O-

(2) H(Qw|P) < H(E|P).
Lemma 3 (Csiszar 1975, Lemma 2.1) Let Qo, @1 < P and set Q, = aQy +
(1 -a)Qo for ,0 < a < 1. Then

(1) H(Qa|P) 2 H(Qo|P),Va,0 < a < 1 <= H(Q1|P) = H(Q1|Qo) + H(Qo|P).

(2)3a0,0 < ag < 1, such that H(Q4|P) > H(Qu|P), Va,0<a<1

= H(QalP) = H(QalQao) + H(QaolP), Va,0<a <1

Lemma 4 Suppose that Qo,Q1 < P, Q1 ~ P, and H(Q1|P) < oco. And set
Qa=0a@ + (1 —a)Qo for ,0< a < 1.Then

(1) there exist a unique ag,0 < o < 1, such that H(Quo|P) = infocaci H(QqlP).

(2) Qo satisfies the condition that Qqu, ~ P.
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(Proof) Since the set {Q,,0 < @ < 1} is a convex closed subset of M, the result
(1) follows from Lemma 2.

The proof of (2) is as follows.

Case 1. If a9 = 1, then (2) is trivial.

Case 2. If g = 0, then by Lemma 3 (1) it holds that co > H(Q1|P) > H(Q1|Qo)+
H(Qo|P). Therefore it follows that H(Q:1|Qs) < 00 and so @1 < @Qo. Using the
assumptions that @; ~ P and Qg < P , we know that Qg ~ P.

Case 3. If 0 < ap < 1, then by Lemma 3 (2), oo > H(@Q1|P) = H(Q1|Qac) +
H(Qq,|P). So we obtain the result in the same way as case 2. (Q.E.D.)

Using the above lemmas, we can prove the following theorems.

Theorem 1 If H(P(S)|P) < oo, then H(P(S)|P) = H(M(S)|P).

(Proof) From the definitions of P(S) and M(S) , the inequality H(P(S)|P) >
H(M(S)|P) is obvious.

Let {Q.,n=1,2,...} be a sequence in M(S) such that H(Q,|P) | H(M(S)|P),
and let Q be a point of P(S) such that H(Q|P) < co. Then we can apply Lemma 4
to Q. and Q, and we know that there is a point @, on the segment QnQ such that
Qn ~ P and H(Q,|P) < H(Qx|P).

Since M(S) is convex, it follows that Q! € M(S), and from @), ~ P it follows
that @, € P(S). Therefore we have proved that

H(P(S)|P) < liminf H(Q|P) < liminf H(QulP) = H(M(5)|P)

and the proof is completed.(Q.E.D.)

Corollary 1 If H(P(S)|P) < oc and P(S) has the minimum point, then that point
is also the minimum point of M(S).

Theorem 2 Suppose that H(P(S)|P) < oc. If there ezxists the minimum point in
M(S), then the point is also the minimum point in P(S).

(Proof) Let @ be the minimum point in M(S), and let Q be a point in P(S)
such that H(Q|P) < ‘00. Applying Lemma 4 to the segment 522:, we know that there
exists a point Q' in QQ such that H(Q'|P) < HA(Q|P) and Q' ~ P. On the other
hand, from the convexity of M(S) it follows that Q' € M(S). Thus we have obtained
the results that Q' € P(S) and

H(Q'|P) < H(QIP) = H(M(S)|P) < H(P(S)|P).
From the uniqueness of the minimum point, it follows that Q = (', and the proof is

completed. (Q.E.D.)

Definition 2 If the ninimum point in P(S) exists, then that point is called the
canonical martingale measure of S. ‘

Theorem 3 Assume that the price process S is bounded and assume that H(P(S)|P) <
00. Then the canonical martingale measure P* erists and is unique.
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(Proof) If we prove that M(S) has the minimum point, the result of theorem
follows from Theorem 2. Let Q, € M(S) be a sequence such that H(Q.|P) |
H(M(S)|P), and put g,(w) = %(w). From Lemma 2 it follows that there exists a
probability measure Q such that @, — Q in variation (||@Qn — Q|lvar — 0), and

H(QIP) < liminf H(Qu|P) = H(M(S)|P)
It is well-known (see Thara 1993, Theorem 1.5.3) that
- = — qu|dP
1@ = @ullvar = [ lgm = aaldP(w)
So it follows that Q < P and

. . . dQ
1@n = Qlluar = [ 190 = @ldP(w) =0, where §= .

We shall show next that Q € M(S). Since Q, € M(S), it holds that for any
Fe-measurable bounded function g{w) and for s >t

EQn [Ssg] = EQﬂ [EQn [Ssg‘ft]] = EQn [EQn [Ss‘fs]g] = EQ'n [Stg]
= [ SgandP = [ SigidP = EglSig] (n— o)

where we use the assumption of boundedness of S;. On the other hand it is obvious
that

Eq.[S:0) = [ S.90.dP — [ S.90dP = EglS.g) (n— o)

Therefore Ey[S,g] = Ep[Stg) for any bounded F; -measurable function g(w). This
proves that @ is a S-martingale measure. The fact that Q € P(M) follows from
Theorem 2, and the proof is complete. (Q.E.D.)

By Theorem 3, the existence of the canonical martingale measure in the case that
the price process is bounded is assured. This may be enough in the practical point
of view, but is not enough in the theoretical point of view. In the next section we
investigate a case where the price process is not bounded.

3. The Case of Stochastic Differential Equation

In this section we investigate the case where the price process S; is given by
stochastic differential equations(SDE). Let W(t) = (Wi(t),...,Wu(t)) be the d-
dimensional (F;, P) Wiener process, and assume that F; = 7V = 6{W(s),0 < s < t}
and F = F. Let the price process S(t) = (Si(t),...,Sk(t)) satisfy the following
stochastic differential equations

dSk(t) = b(t, S(t))dt + i ag;(t, SO)W;(t), k=1,....K (1)

i=1
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or equivalently the following stochastic integral equations

t d_ rt
Sk(t) = Si(0) + /0 bi(s, S(s))ds + 3 /0 ari(s, S())dWi(s), k=1,....K (2)
j=1

where we assume that by and axj, k = 1,2,...,K,j = 1,2,...,d, satisfy the global
Lipschitz condition, so that the above equations have a unique solution.
Theorem 4 Suppose that the price process S(t) = (Si(t), ..., Sk(t)) is given by (1)
or (2) and assume that H(P(S)|P) < oo .Then there exists the canonical martingale
measure P*, i.e. P* is the minimum point of P(S), and P* is obtained by Girsanov
transformation from P. The canonical martingale measure P* is also the minimum
-point of M(S).

For the proof of this theorem, we need some preparations. Let () be a probability
measure on the space (£2, F) such that @ < P. Then the following facts (a)-(f) are
well-known (see Liptzer and Shiryaev 1974, for example).

(a)Set ¢ = 92 and ¢(t) = E[q|%:]. Then g(t) is a (not necessarily square integrable)
(Ft, P) martingale. '

(b) ¢(t) has the following representation (Liptzer and Shiryaev p. 171 Theorem
5.8)

d d
o0 =1+ [ o()wy(s). P[] lol)lids = [3 los)ftds < 0) = 1

(c)Set
4D if q(t)y>0
(1) ={ a® 7t
() { 0 otherwise

Then the process W (t) = (Wi(t), ..., Wa(t)) defined by

Wit = Wytt) = [ (s)ds

is a d-dimensional (F;, Q)-Wiener process (Liptzer and Shiryaev p. 225 Theorem 6.2).
(d)Using the notations of (c), we obtain the following formula

dSut) = bult, SN+ Ty ag(t, S(E)dW;(0)

{B(t, S(8)) + Ty ans(t, S(8))7; (1)}t + Sy ari(t, S(E)W;(2),
k=1,... K.

in the sense of probability measure Q. Therefore we know that, since we have assumed

the Lipschitz continuity of ax;, the necessary and sufficient condition for @ to be a
S-martingale measure is that

bi(t, S(t)) + Zd:akj(t, St))vi(t) =0 (dtxdQa.s.), k=1,...,K.

J=1
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From the definition of ;(t),j = 1,...,d, the above condition is equivalent to
d

be(t, S(£))q(t) + > ax;(t, S(t))g;(t) =0 (dt xdQas.), k=1,..., K.
j=1

In the case of @ ~ P, the following results hold true.

(e) If @ ~ P, then ¢(t) > 0 and @ is obtained by Girsanov’s transformation
from P, namely, q(t) has the following representation (Liptzer and Shiryaev p. 171
Theorem 5.9)

¢ d t d
al®) = exp( |3 (eaWits) — 5 [3 (o))

(£)If @ ~ P, then the necessary and sufficient condition for @) to be a S-martingale
measure is that

bi(t, S(t)) + iakj(t, SE)y;(t) =0 (dtxdPas), k=1,...,K.

=1

or equivalently

bi(t, S(£))q(t) + Xd:ak,‘(t, St)gi(t) =0 (dtxdPas), k=1,....K.

=1

The following lemmma is essential for the proof of Theorem 4.
Lemma 5 Let {q,(w),n=1,2,...} be a sequence in L}(Q, F, P) such that g,(w) >
0 and [q qu(w)dP = 1, and assume that

gn — § (as n — 00) in L}Q, F, P).

Set q.(t) = Elgn|F:] and §(t) = E[§|F:], and using the fact (b), we represent g,(t)
and §(t) in the following form

an(t) = 1 +E / o™ (s)dW(s / g™ (5)|2ds = / Zlg(") s)|*ds < o0) = 1

—1+Z/g](s)dW(s P(/ lg(s) |2ds~/ Z|q] s)[’ds < 00) =1

Then it holds that

gf, M gj (as n — 00) in measure w.rt. dt xdP, j=1,2,...,d.
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(Proof) Let T,(n) be the stopping time defined by

) _ | inf{t < T;qa(t) > 1}
TOTNT, if {tST; qa(t) 21} =0

and set ¢, 1(t) = ga(t A 'r‘(“)). Since g, ;(t) is square integrable, it has the following
representation

S Aer
aa(t) =1+ Y [ g™ (s)aW;(s)
=1

and it holds that

gﬁn’l) — g§") (as 1 — o0) in measure w.r.t. dt xdP, j=1,...,d.

Moreover, as Liptser-Shiryaev showed (see Liptser-Shiryaev 1974, pp. 168-169), we
can assume that

ggn)(t,w) = g§"’l+k)(t,w), k=0,1,..., if suplga(u,w)| <!, j=1,...,d. (3)

ust

In the same way, setting

. [ inf{t <T; (t) > 1}
T=NT, if (4<T; 4t)>1) =0

and §;(t) = ¢(t A7), we know that § is square integrable and that

d st
a) =1+ [ o (s)awy(s)
i=1
and we can assume that

gj(t,w)=g§l+k)(t,w),k=0,1,..., if sup|f(u,w)| <1, j=1,...,d.

u<t

We next prove that g§"’l) converges to g§") in probability as I — oo and that this

convergence is uniform in n,n = 1,2,...,. In fact, from the definition of g§"’l) and (3)
we obtain for any € > 0
n,l n

Plsupuc 9" (u) = ()] > ©) < Plsup,ciga(u) > )
) . gn(t)dP
1 Jsup{gn(u); u<t}>! (4)
iE[‘In]
M, M = sup,, E[g,)

IAIA AN IA

where we use the martingale inequaliy. In the same way we know that for any € > 0
it holds that '

P(oup 3" (w) - 3;(] > €) < 7Eld (5
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From (4) and (5) it follows that for any ¢ > 0 and § > 0 there exists a consant
lo = lo(€, §) such that for any | > Iy it holds that

P(sup ¢\ (u) — M (W) > €) <8, n=12,..., j=12,....4, (6)
u<t
and ,
Psup |3’ (u) = 3;(w)l > ) <& j=12,....d (7)

Next we will prove that, when [ is fixed, gJ( md) converges to g() in probability as

n — 0o. From the definitions of {¢,;; m = 1,2,...} and §;, they are square ntegrable
and ¢,; — § (as n — oo ) in L*(dt x dP). In the square integrable case, it is well-
known that g(n D ggi) (as n — 00) in L(dt x dP) follows from ¢, ; — §; (as n — 00)
in L2(dt x dP) Therefore we can result that for any fixed [,1 =1,2,...,

g§" o 3;() (as n — oo) in measure w.rt. dt xdP, j=1,2,...,d. (8)

Using the above results, we next prove that g( RN g; (as n — 00) in measure
w.r.t. dt x dP. We set du = dt x dP on [0,T] x Q. From (6) and (7) it folloes that
for any € > 0 and é > 0,there exists a consant lp such that for any [ > [y it holds that

{(6w) € 0T x @ 16"7(1,) - (1)) > ) < T8, 9)
n=12,..., i=12,...,d,

and
p({(tw) € [0,T] x @ |§(t,w) — gi(t,w)| > e}) <T6, j=1,2,....d. (10

We here fix an [,] > ly, and then using (8) we can take a number ny = ng(e, 8, l) such
that for any n > ng

p({(tw) € [0,T) x & ¢ (t,w) - P (tw)| > €}) <6, j=1,2,...,d. (11)

Using the results (9),(10) and (11), we obtain such a result that for any ¢ > 0 and
& > 0 we can choose constants ly = lg(€,8) and ng = ng(e, §,1),1 > ly such that for
any n > ng

ullgs™ — a5 > 3¢) < wllg™ — g1 > o)+ u(lgf™ — 4P > <)+l 9 — 951> ©)
< T6+6+T6—(2T+1)5 j=12,...,d.

Thus we have proved that g( LN g; in measure w.r.t. dt x dP. (Q.E.D.)

Remark 2 Karatzas, Ocone and Li 1991 discussed similar problems. If we could
prove that ¢, € Dy and that q, converges in Dy, (with their notations), then we
could apply their results. But it is not clear that q, € Dy ;.
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(Proof of Theorem 4) Let Q,,, 1,2, .. ., be a sequence from M(.S) such that H(Qa|P) |
H(M(S)|P). By Theorem 1, we can assume that @, € P(S). Set g,(w) = 422 Just
as we have seen in the proof of Theorem 3, we know that there exists a probability
measure ( such that Q < P and @, — Q in variation, and

H(QIP) < liminf H(@alP) = H(P(S)IP) = H(M(S)|P) (12)
and that -
“Qn - Q”var = /Q |q1. - lﬂdP(w) — O’ where q = E%

In the followings, we use the notations (g,, gg-"),'yy'), W}")) or (4, d;,9;, W), for
Q. or Q, corresponding to the notations (g, g;,7v;, W;) used in (a)-(f) for Q.
Since @,, € P(S), it follows from (f) that ¢, and g§~") satisfy the following equations

d
bi(t, S(1))gn(t) + 3 ar;(t, S () =0 (Pas), k=1,..., K. (13)

=1
By Lemma 5 it holds that

lim g™

n—oo0 77

= g;(in measure w.rt.dt xdP), j=1,...,d (14)

Therefore, taking a subsequence if necessary, from (13) and (14) we have obtained
the following result

bi(t, S(8)d(t) + fakj(t, S(t)3;(t) =0 (dt x dP a.s.), k=1 K

j=1

Since Q < P, from this formula and (d) it follows that Q is S-martingale measure.
Thus we have proved that Q € M(S), and that Q is the minimum point in M(S) by
(12). The fact that Q is also the minimum point in P(S) follows from Theorem 2.
The fact that Q is obtained by Girsanov’s transformation from the original probability
measure P, is follows from (e). The proof is complete. (Q.E.D.)

Remark 3 Follmer and Schweizer 1990 discussed the similar problem in the space
P2(S) = {Q € P(S); S is square integrable w.r.t. Q and 32 € L*(P)} which is
a subspace of P(S) and M(S). They introduced the concept of minimal martin-
gale measure(mMM) in Pa(S), and gave the sufficient conditions for the ezistence
of mMM. We can verify that, when the system (1) is of simple form (for example
b(t,S) and a(t, S) are linear in S), the mMM is identified with canonical martingale
measure. So we come to the following conjecture.
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Conjecture. If mMM exists, then mMM is identified with the canonical maltingale
measure.

4. Concluding Remarks

In this paper we have investigated the existence problem of canonical martingale
measures. All our results are obtained without the assumption of the square inte-
grability of Radon-Nikodym derivative g—% So our methods can be applied to many
more cases. And if it is necessary to extend the class of martingale measures to the
class of local martingale measures, then it may be possible to apply our methods to
that of local martingale measures.

In the case of SDE discussed in section 3, if d < K, then the equivalent S-
martingale measure is unique in general. Therefore, in order that the assets markets
are incomplete, it must hold that d > K. On the other hand, if the price process
S(t) is a jump process, then the equivalent S-martingale measures are not unique
(without the assumption of d < K) in general. So it may be an interesting problem
to apply our methods to such processes. This is our next subject to study.
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